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Abstract. In the papers of Nakaoka, he introduced the notion of hearts of (twin) cotorsion pair on 
triangulated categories and showed that they have structures of (semi-) abehan categories. We study 
in this article a twin cotorsion pair (5,7^, (W, V) on an exact category B with enough projectives and 
injectives and introduce a notion of the heart. First we show that its heart is preabelian. Moreover 
we show the heart of a single cotorsion pair is abelian. These results are analog of Nakaoka's results 
in triangulated categories. We also consider special cases where the heart has nicer structure. By our 
results, the heart of a special twin cotorsion pair (5,7"), (T, V), is integral and almost abelian. Finally 
we show that the Gabriel- Zisman localisation of the heart at the class of regular morphisms is abelian, 
and moreover it is equivalent to the category of finitely presented modules over a stable subcategory of 
B. 
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The cotorsion pairs were first introduced by Salce in [TB|, and it has been deeply studied in the 
representation theory during these years, especially in tilting theory and Cohen-Macaulay modules [T] 
(see [7] for more recent examples) . Recently, the cotorsion pair are also studied in triangulated categories 
[5], in particular, Nakaoka introduced the notion of hearts of cotorsion pairs and showed that the hearts 
are abelian category [13] . This is a generalization of the hearts of t-structure in triangulated categories [3] 
and the quotient of triangulated categories by cluster tilting subcategories [H]. Moreover, he generalized 
these results to a more general setting called twin cotorsion pairs [14|. 

The aim of this paper is to extend Nakaoka's results to cotorsion pair in Quillen's exact categories, 
which plays an important role in representation theory [lOj . We consider a cotorsion pair in an exact 
category (see for example 11, A.l]), which is a pair {U,V) of subcategories of an exact category B 
satisfying Ext^(^Y, V) = (i.e. ExtB(C/, V) ^ 0,WU eU and VV € V) and a.ny B e B admits two short 
exact sequences Vb ^ Ub ^ B and B where Vb,V^ E V and Ub,U^ eU (sec Definition 
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12.31 for more details). Let 

B+ -.^{BeBlUBEV}, B- -.^{B eB\V^ eU}. 
We define the heart of {U,V) as the quotient category (see Definition 12.81 for more details) 

H:= {B+ nB-)/{unv). 

An important class of exact categories is given by Frobenius categories, which gives most of important 
triangulated categories appearing in representation theory. Now we state our first main result, which 
generalizes [131 Theorem 6.4]. We will prove it in Section 4. 

Theorem. Let {U, V) be a cotorsion pair on an exact category B. Then % is abelian. 

Moreover, following Nakaoka, we consider pairs of cotorsion pairs {S, T) and (W, V) in B such that 
S CU, we also call such a pair a twin cotorsion pair (see Definition 12.51 for more details). The notion of 
hearts is generalized to such pairs (see Definition 12 . 71 for more details), and our second main result is the 
following, which generalize jl41 Theorem 5.4]. We will first prove H is preabelian in Section 3 and then 
show the following theorem in Section 5. 

Theorem. Let (5, T), (U, V) be a twin cotorsion pair on B. Then % is semi- abelian. 

The notion of semi-abelian category was introduced by Rump [15,, as a special class of preabelian 
categories (see Definition 15. ip . A especially nice class of semi-abelian categories is called integral (see 
Definition 16.11 and see U5J §2] for examples). Our third main theorem gives sufficient conditions for 
hearts to be integral. We will show it in Section 6. 

Theorem. Let (5,7"), (W, V) be a twin cotorsion pair on B satisfying 

U QS V QW or T QU*V, TQW. 

Then % is integral. 

Another nice class of semi-abelian categories is almost abelian categories. For example, any torsion 
class associated with a tilting module is almost abelian [5]. Our fourth main theorem gives sufficient 
conditions for hearts to be almost abelian. We will show it in Section 7. 

Theorem. Let (5,7"), iU,V) be a twin cotorsion pair on B satisfying 

U QT orT f^U. 

Then % is integral and almost abelian. 

Finally, we consider a special twin cotorsion pair {S,T), (T, V), note that this is an analog of TTF 
theory and recoUement. Then we have the following theorem which gives a more explicit description of 
the heart and can be regarded as an analog of ^ Theorem 5.7]. We will prove it in Section 9. 

Theorem. Let (5,7"), (^, V) be a twin cotorsion pari on B such that T = U. Let R denote the class of 
regular morphisms in B/T and {B/T)r denote the localisation of % = B/T at R, then 

{B/T)r ~ mod(f75/P) 

where U,S consists of objects QS such that there exists a short exact sequence 

ns ^ S {P eP,S eS). 

In Section 2, we collect basic material on twin cotorsion pairs on B. In Section 3-7 and 9, we prove 
our main results. In Section 8, we consider the cases when the heart of a twin cotorsion pair has enough 
projectives/injectives. In the last section we study some examples of twin cotorsion pairs. 
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2. Preliminaries 

First we briefly review the important properties of exact categories. For more details, we refer to 
Let A be an additive category, we call a pair of morphisms {i,d) a weak short exact sequence if i is the 
kernel of d and d is the cokernel of i. Let f be a class of weak short exact sequences of A, stable under 
isomorphisms, direct sums and direct summands. If a weak short exact sequence (i, d) is in f , we call it 
a short exact sequence and denote it by 



Y ■ 



Z. 



We call i an inflation and d a deflation. The pair (A, £) (or simply A) is said to be an exact category if 
it satisfies the following properties: 

(a) Identity morphisms are inflations and deflations. 

(b) The composition of two inflations (resp. deflations) is an inflation (resp. deflation). 



(c) If X>- 



Y ■ 



Z is a short exact sequence, for any morphisms f : Z' —> Z and g : X ^ X' , 



there are commutative diagrams 



Y' 



Y ■ 



d' 



PB 



■Z' X>- 



Y 



PO 



Z X'>~ 



Y' 



where d' is a deflation and i' is an inflation, the left square being a pull-back and the right being 
a push-out. 

We introduce the following properties of exact category, the proofs of which can be flnd in [2, §2]: 
Proposition 2.1. Consider a commutative square 



A>- 



f ^ 
A'>~ 



B 



f 



B' 



in which i and i' are inflations. The following conditions are equivalent: 

(a) The square is a push- out. 

(b) The sequence A> 5~ B Q) A' 5«- B' is short exact. 

(c) The square is both a push-out and a pull-back. 

(d) The square is a part of a commutative diagram 




with short exact rows. 
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Proposition 2.2. 



(a) // X>- 



Y 



id N>~ 



M- 



f 



■ Y are two short exact se- 



quences, then there is a commutative diagram of short exact sequences 




where the lower-left square is both a push-out and a pull-back. 

9 f 



(b) // X> 



Y ■ 



Y>~ 



K- 



L are two short exact sequences, then there is a 



commutative diagram of short exact sequences 




where the upper-right square is both a push-out and a pull-back. 

Let A be an exact category, an object P is called projective in A if for any deflation f : X ^ Y and 
any morphism g : P Y, there exists a morphism h : P X such that g — fh. A is said to have 
enough projectives if for any object X ^ A, there is an object P which is projective in A and a deflation 
p : P ^ X. Injective objects and having enough injectives are defined dually. 

Throughout this paper, let B be an exact category with enough projectives and injectives. Let V (resp. 
I) be the full subcategory of projectives (resp. injectives) of B. Throughout this article we assume that 
B is KruU-Schmidt. 

Definition 2.3. Let U and V be full additive subcategories of B which are closed under direct summands. 
We call {14, V) a cotorsion pair if it satisfies the following conditions: 

(a) Ext^(W, V) = 0. 

(b) For any object B ^ B, there exits two short exact sequences 



Vb^Ub^ B, 
satisfying Ub,U^ eU and Vb,V^ e V. 
By definition of a cotorsion pair, we can immediately conclude: 

Lemma 2.4. Let {U,V) be a cotorsion pair of B, then 

(a) B belongs to U if and only i/Extg(_B, V) = 0. 

(b) B belongs to V if and only ifFjxti^{U, B) = 0. 

(c) U and V are closed under extension. 

(d) P CU and lev. 

Definition 2.5. A pair of cotorsion pairs {S, T), {U, V) on B is called a twin cotorsion pair if it satisfies: 

S CU. 

By definition and Lemma [2.41 this condition is equivalent to Extg(5, V) = 0, and also to V C T. 

Remark 2.6. We also regard a cotorsion pair (U,V) as a degenerated case of a twin cotorsion pair 
{U,V),{U,V). 
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Definition 2.7. For any twin otorsion pairs (5,T), (W, V), put 

W ■=Tr\U. 

(a) B'^ is defined to be the full subcategory of S, consisting of objects B which admits a short exact 
sequence 

Vb^Ub^ B 

where f/s G W and Vb eV. 

(b) B~ is defined to be the full subcategory of S, consisting of objects B which admits a short exact 
sequence 

where e W and G S. 
By this definition we get 5 C W C B" and V C T C B+. 

Definition 2.8. Let (<S, T), {U, V) be a twin cotorsion pair of B, we denote the quotient of B by W as 

B := B/W. For any morphism / € Homg(X, F), we denote its image in HomB(X, Y) by /. And for any 
subcategory C of B, we denote by C the subcategory of B consisting of the same objects as C. Put 

■H :=B+nB-. 

Since % 3 W, we have an additive full quotient subcategory 

n ■= n/w 

which we call the heart of twin cotorsion pair (<S, T), {U,V). 

The heart of a cotorsion pair {14, V) is defined to be the heart of twin cotorsion pair {U, V), {U, V). 

We prove some useful lemmas for a twin cotorsion pair (5, T), {U, V) in the following: 

Lemma 2.9. Let (<S, T), {U, V) be a twin cotorsion pair on B, then 

(a) B~ is closed under direct summands. Moreover, if X £ B~ admits a short exact sequence 

X -fU 

where W £ W and U £U, then any direct summand Xi of B admits a short exact sequence 
where Y &U. 

(b) B"*" is closed under direct summands. Moreover, if X & B"*" admits a short exact sequence 

V ^W' ^B 

where W & W and V & V, then any direct summand X2 of B admits a short exact sequence 

Z^W' ^X2 

where Z E V. 

Proof. We only show (a), (b) is by dual. 
Suppose Xi ® X2 admits a short exact sequence 

(xi X2) 

Xi ® X2>— w — ^ u 

where U G U and W € W. Then Xi : Xi ^ W is also an inflation by the properties of exact category. 
Let xi admits a short exact sequence 

Xi>^^ W ^ Y. 
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For any morphism / : Xi — > Vo where Vq G V, consider a morphism (/ o) : Xi (B X2 — > Vq. Since 
Extg(?7, Vq) =0, ( 2=1 2:2 ) is a left V-approximation of W, there exists a morphism g : W ^ Vq such that 

[f 0) = (gxi gx2 ). 

Xi> ^ W ^ Y 




Vq -< ■ ' g 

Hence HomB(a;i, Vq) : HomB(VF, Vq) — > HomB(Xi, Vq) is surjective. By the following exact sequence 



HomB(Ty,T/o) 



4 Home(Xi, T/o) A Ext^(r, Vq) ^ Ext^(H^, Fq) = 



□ 



we have Extg(y, Vq) = 0, which implies Y 

Lemma 2.10. (a) // A>—-^ B U is a short exact sequence in B with U ^U, then A ^ B 

implies B £ B~ . 

(b) // A> — B — S is a short exact sequence in B with S £ S, then B G B~ implies A G B^ . 
Proof. (6) Since B G B^ , by definition, there exists a short exact sequence 

Take a push-out of g and , by Proposition l2.2l we get a commutative diagram of short exact sequences 

A> ^ ^ B ^-^S 



A> ^ W'' 



X 



We thus get X £ S since S is closed under extension. This gives A £ B 
(a) Since A £ B^ , it admits a short exact sequence 



A>- 



where £ W and 5"^ G S. Since Ext^(5,r) = 0, is a left 7~-approximation of A. Thus there 
exists a commutative diagram of two short exact sequences 



A>~ 



B>- 



It suffices to show £U. 

Apply Extg(— , V) to the following commutative diagram 



B- 



U 
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since Extg(Z//, V) = 0, we obtain the following commutative diagram 

Ext^(T^, V) ^ Ext^(T4^'4^ ^ Q 

Ext^(t^,V) 

= Ext^([/, V) Ext^(B, V) ; ExtliA, V). 

It follows that Extg(t-^, V) = 0. Then from the following exact sequence 

= Extj5(5^, V) ^ Ext^(r^, V) '''^*^^*"'''^^°> Extj5(i3, V) 
we get that Ext^(r^, V) = 0, which implies that e U. Thus G W and B e B' 
Dually, the following holds. 



□ 



Lemma 2.11. {&) If T> 

implies A € B'^ . 

f 



■A' 



B is a short exact sequence in B with T ^ T , then B £ B^ 



(b) // y>- 



■A- 



B is a short exact sequence in B with V £V, then A G B^ implies B E B^ 



Now we give a proposition which is similar with 1, Proposition 1.10] and useful in our article. 
Proposition 2.12. Let T be a subcategory of B satisfying 

(a) per. 

(b) T is contravariantly finite. 

(c) T is closed under extension. 

Then we get a cotorsion pair (T, V) where 

V = {X eB I Ext^(r,X) = 0}. 
Proof. For any object B E B, it admits a short exact category 



B>~ 



f 



X 



where J G I. By (a) and (6), we can take a short exact sequences 



Vx>- 



■Tx 



X, Vb>- 



■Tb 



B 



where tx (resp. ts) is a minimal right ^-approximation of X (resp. B). Since T is closed under 
extension, by Wakamatsu's Lemma, we obtain Vx G V (resp. Vb £ V). Take a pull-back of / and tx, we 
get the following commutative diagram 




Since /, G V and V is extension closed, we get F G V. Thus B admits two short exact sequence 

Vb^Tb^B, B^Y^Tx 
satisfying Vb,Y eV and Tb,Tx G T. Hence by definition (T, V) is a cotorsion pair. 



□ 
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3. % IS PREABELIAN 

In this section, we fix a twin cotorsion pair (5,7"), (i^, V), we will show that the heart H of a twin 
cotorsion pair is preabelian. 

Definition 3.1. For any B ^ B, define 5+ and : B ^ _B+ as follows: 
Take two short exact sequences: 

Vb>^Ub^ B, Ub^T^ 

where Ub eU,VB eV,T^ eT and £ S. By Proposition we get the following commutative 
diagram 



Vb> ^Ub 



B 



Vb> 



b+ 



where the upper-right square is both a push-out and a pull-back. 

We can easily get the following Lemma. 

Lemma 3.2. By Definitions^ B+ e B+ . Moreover, if B e , then B+ e U. 

Proof. Since U is closed under extension, we get E U C\T — W. Hence by definition i?+ G B^ 
B e S", by Lemma HHni B+ also lies in B' . Thus B- G U. 



(1) 



If 
□ 



We give an important property of 6+ in the following proposition. 

Proposition 3.3. For any B e B and Y e B+ , HomB(6+,r) : Home(B+,F) 
surjective and Home(&jl, 1^) : Home(_B+,y) — > Homg(_B,y) is bijective. 



HomB(B,r) is 



Proof. Let y G IIomg(_B,y) be any morphism. By definition, there exists a short exact sequence 

Wy 



Wy 



Y. 



Since Extg(t/B,VV) = 0, wy is a right ^//-approximation of F. Thus any / e HomB(C/B,y) factors 
through 14^1-. 

U 

9 



/ 



As Ext^(5,r) = 0, w is a left ^-approximation oi Ub, we get the following commutative diagram: 

Ub>^^ 



Wy 



Y 



HEARTS OF TWIN COTORSION PAIRS ON EXACT CATEGORIES 



9 



which imphes that Honig(M, 1") ; llomig{T^ ,Y) — > Honig(J7s,y) is epimorphic. Hence when we apply 
HoniB(— ,y) to the diagram p.ip . we obtain the following exact sequence 

Honif5(B+, F) ""'""^''^'^^ HomB(B, Y) ^ Ext^(S', Y) ^ Ext^(B+, F) 



■Extj5(5^,r) -Ext^(T^^,r) 



Home(r^, Y) ^ ^ Home(C/s, 5^) - 

which implies that Home(6+,y) is an epimorphism. In particular, Home (6^, y) is an epimorphism. 
It remains to show that Hom^ F) is monomorphic. Suppose q e HomB(i3"'', F) satisfies q&+ = 0, 
it follows that qb^ factors through W. Since wy is a right ^//-approximation, there exists a morphism 
a : B ^ Wy such that wya = qb^ . Take a push-out of 6+ and a, we get the following commutative 
diagram of short exact sequences 



PO 



There exists a morphism d : Q Y such that dc — wy and c?c' = g by the definition of push-out. But 
Q £ U hy Lemma 12.41 and wy is a right ^-approximation, we have that d factors through Wy . Thus 
q = dc' also factors through Wy, and q = 0. □ 

We give an equivalent condition for a special case when _B+ = in B. 

Lemma 3.4. For any B G B, the following are equivalent. 

(a) B+ G W. 

(b) BeU. 

(c) 6i = in B. 

Proof. Consider the diagram (jS.ip in Definition 13.11 We first prove that (a) <^ (b). 

Suppose (b) holds. Since B £U, we get B+ £ U. Thus Extg(i?+, Vb) =0, and then t splits. Hence i?+ 
is a direct summand of £ W, which implies that i?+ e W. 

Now Suppose (a) holds, then the second row splits. Thus we get a pull-back diagram 



Ub 

V 



Vb®B^ 



B 



b+ 



(0 1) 



which implies that u also splits, hence B £ U. 

Obviously (a) implies (c), now it suffices to show that (c) implies (b). 

Since 5+ factors through W, and t is a right ^^-approximation of B'^, we get that 6+ factors through t. 
Hence by the definition of pull-back, the first row of diagram p.ip splits, which implies that B £U. □ 

Now we give a dual construction. 

Definition 3.5. For any object B £ B, we define b^ : B^ B as follows Take the following two short 
exact sequences 



B ^T"" 
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where Ut € U, Vt £ V, £ T and 5^ G <S. By Proposition 12.21 we get the following commutative 
diagram: 

Vt^=Vt 

Y Y 

B-> ^ Ut ^ 5"^ 

b- ^ „ 

B> ^ ^S^. 

By duality, we get: 

Proposition 3.6. For any B £ B, B^ G and B G B^ implies B^ G Ti.. For any X G B^ , 
Homg(X, fo^) : HomB(X, _B^) — HomB(X, S) is surjective and Hom^^f X. ) : Home(^, S^) — > HomB(X, 
is bijective. 

Definition 3.7. For any morphism f : A ^ B with A G B~ , define C/ and Cf : B ^ Cf as follows: 
By definition, there exists a short exact sequence 

Take a push-out of / and w"^ , we get the following commutative diagram of short exact sequences 

A^^ ^ 

/ PO 

B> ^ Cf ^S^. 

Cf J s 

(2) 

By Lemma [2Iini B € B' implies Cf eB'. 
Dually, we have the following: 

Definition 3.8. For any morphism f : A ^ B in B with B G B^, define Kf and fc/ : Kf ^ A as follows: 
By definition, there exists a short exact sequence 

Vb> Wb B. 

Take a pull-back of / and ws, we get the following commutative diagram of short exact sequences 




By Lemma A e B+ implies Kf e B+ . 

The following lemma gives an important property of cj: 



(3) 



Lemma 3.9. Let f : A B be any morphism in B with A ^ B , take the notation of Definition \3. 7\ 
then Cf : B ^ Cf satisfying the following properties: 
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For any C Cz B and any morphism g G Home(i?, C) satisfying gf — 0, there exists a morphism c : Cf C 
such that ccf — g. 



A- 



B- 



C 




Cf 



Moreover if C £ , then c is unique in B. The dual statement also holds for kf in Definition^ 

Proof. Since gf = 0, gf factors through W. As Ext^(S'A,VF) = 0, is a left W-approximation of A. 

Then by the definition of push-out, we get the 



Hence there exists b : C such that gf 

following commutative diagram 



bw' 




Now assume that C G B~^ and there exists c' : Cj ^ C such that c'c/ — g. Since (c' — c)c/ = 0, there 
exists a morphism d : — ?> C such that c' — c ~ ds. As C admits a short exact sequence 



Vc>- 



Wc 



C 



and Wc is a right W-approximation of C, we obtain that there exists a morphism e : 
wee = d. Hence c' — c factors through Wc, and c — d_. 

Theorem 3.10. For any twin cotorsion pair (S, T), (U, V), its heart % is preabelian. 



Wc such that 
□ 



Proof. We only show the construction of the cokernel. For any A, B Cz H and any morphism f : A B, 
by Definition 13.71 since A, _B G B~ , it follows Cff = and C/ G B^ . By Proposition 13.31 there exists 
Cf~^ : Cf ^ Cf where C/^ G H by Lemma We claim that c/+c/ : B ^ Cf^ is the cokernel of /. 
Let Q be any object in "H, and let r : B — > Q be any morphism satisfying rf — 0, then by Proposition 
and 13.31 there exists a commutative diagram 




B 



Cf 



Cf 



The uniqueness of b follows from Lemma 13.91 and Proposition 13.31 

Corollary 3.11. Let f : A ^ B be a morphism in %, the the followings are equivalent: 

(a) / is epimorphic in %. 

(b) Cf + G W. 

(c) Cf G U. 



□ 



Proof. The equivalence of (5) and (c) is given by Lemma 13.41 We prove the equivalence of (a) and (6). 
By Theorem 13. 101 c/+c/ is the cokernel of / in "H. Then (6) implies that Cf^ Cf — Q va. 'H, which means 
/ is epimorphic in %■ 

If (a) holds, then Cf^Cf = since the cokernel of / in H is 0. By Lemma [3791 we get c/+ = 0. By Lemma 
C/+ G W. □ 
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4. Abelianess of the hearts of cotorsion pairs 

In this section we fix a cotorsion pair {U, V). We will prove that the heart H = D /U fl V of a 
cotorsion pair is abelian. 



Lemma 4.1. Let A,B^T-L, and let 



B 



he a short exact sequence in B. If f is epimorphic in %, then C belongs to B . 

Proof. As / is epimorphic in H, we get C/ G U by Corollary 15.31 By Definition 13. 7[ we get following 
commutative diagram 




(4) 

The middle column shows that C E B~ . □ 

We need the following lemma to prove our theorem. 

Lemma 4.2. (a) Let f : A B be a morphism in B with B G B'^ , then there exists a deflation 
a = {f -WB ) : A(B Wb B in B such that a = f. 

(b) Let f : A B be a morphism in B with A £ B^ , then there exists an inflation a — 

A^ B® in B such that q!_ = £. 

Proof. We only show the first one, the second is dual. 
As _B G B^ , it admits a short exact sequence 



Vb>- 



Wb 



B. 



Take a pull-back of / and wb, hy dual of Proposition 12. 11 we get a short exact sequence 

--if 



■A®Wb 



B 



□ 



and consequently a is a defiation and a — f. 
Theorem 4.3. For any cotorsion pair ilA, V) on B, its heart % is an abelian category. 

Proof. Since % is preabelian, it remains to show the following: 

(a) If / is epimorphic in then / is a cokernel of some morphism in 

(b) If / is monomorphic in %, then / is a kernel of some morphism in %. 

We only show (a), since (6) is dual. 

For any morphism f : A ^ B which is epimorphic in 2i , by Lemma 14.21 it is enough to consider the case 

that / is a deflation. 

Let / admit a short exact sequence: 

9 , f 



C> 



A' 



B. 



By Lemma [4. 11 we have C G B . By Proposition 13.31 there exists 

c+ : C ^ C+ 
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where C+ lies in H by Lemma [3.21 As A G B^, there exists a : C+ — > A such that 



■A 



C+. 

Since /ac+ = fg = 0, we have fa — Q by Proposition 13.31 We claim that / is the cokernel of a. 

Let Q be any object in H and r : A ^ Q he any morphism. By Proposition 13.31 rg = if and only if 

ra = 0. 

So it is enough to show that any r satisfying rg = factors through /. 

If rg = 0, rg factors through W. Consider the second column of diagram ([4]), since ft, is a left V- 
approximation of C, there exists a morphism c : — > Q such that rg = ch. Since h = tW^g, we get 
that (r — w^)g = 0. Thus r — factors through /, which implies that r factors through /. □ 

5. K IS SEMI-ABELIAN 

In the following sections, we fix a twin cotorsion pair (5, 7"), iJA, V). 
Definition 5.1. A preabelian category A is called left semi-abelian if in any pull-back diagram 

A^^B 




in A, a is an epimorphism whenever ^ is a cokernel. Right semi-abelian is defined dually. A is called 
semi-abelian if it is both left and right semi-abelian. In this section we will prove that the heart oi a, 
twin cotorsion pair is semi-ableian. 

Lemma 5.2. // morphism j3 G IIom-H(i?, C) is a cokernel of a morphism f G }iom-u{A, B) , then B 
admits a short exact sequence 

B^C ^ S 

where C € H, C C in n and 5 G 5. 

Proof. Let f3 be the cokernel of / : A ^ B. By Theorem 13.101 the cokernel of / is given by cj'^Cf. 
Therefore C/^ ~ C in Consider diagram ^ and the diagram which induces (C/)"'" by Definition 13. 11 



■ r ■ 



Cf 



by Proposition 12.21 we obtain the following commutative diagram of short exact sequences 



B> 



Cf 



Cf 



Q 



S' S'. 
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From the third column we get Q E S. Hence we get the required short exact sequence. 



□ 



Proposition 5.3. Let A> — B — C be a short exact sequence in B with f in T-L. If g factors 
through hi, then f is epimorphic in % . 



Proof. By Corollary 13. Ill it suffices to show that C/ ElA. 

By definition of c/ : B ^ Cf, there is a commutative diagram of short exact sequences 




Since Extg(W, V) — 0, we get the following commutative diagram of exact sequence 
Ext^(C, V) ^Ext^(C/,V) ^Ext^(W^'4,V) = 



Ext^(C, V) 



Ext^(g,V) 



Ext^(c/,V) 

■Ext^(S,V) 



Ext^(/,V) 



Ext^(A,V). 



Then Extg(c/, V) factors through F,xt'g{g,V). We have Extg((7, V) = since g factors through U, thus 
we get Extg(/, V) = 0. Then from the following exact sequence 

= Ext^(5^, V) Ext^(C/, V) ''"'^'^^''^"°> Ext^(B, V) 
we obtain that Extg(C/, V) = 0, which implies C/ G U. 

Lemma 5.4. Suppose X G admits a short exact sequence 

X^~^B 

where B G H and U E U. Then the unique morphism b G Hoia-u^X^ , B) given by Provosition \3.3\ which 
satisfies bx'^ — x is epimorphic. 



□ 



Proof. By Definition 13.11 there exists a short exact sequence 



X>~ 



S 



where S G S. By Proposition 13.31 there exits b : X^ — > B such that 6x+ — x. Since X G B , we obtain 
C+ G H by Lemma [321 Hence X+ admits a short exact sequence 



X 



■W- 



S' 



where W EW and S' G S. Take a push-out of a and b, we get the following commutative diagram 

X+>^^ W ^ S' 

b 

which induces a short exact sequence 




X+X^B(BW- 



C 
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by Proposition By Proposition 



we obtain the following eommutative diagram 



■X+ ^S" 



x> — ■ 

c V 



S' 



Q 



Take a push-out of x and c 




from the second column we obtain that C £ U and we get the following short exact sequence 

^ B®W ^ C 

by Proposition Thus we get the following commutative diagram 

X 




C. 



c 

Hence by Proposition 15. 31 b is epimorphic. 

We introduce the following lemma which is an analog of |14[ Lemma 5.3]. 
Lemma 5.5. Let 



C^D 



□ 



he a pull-baek diagram in %■ If there exists an object X Cz B and morphisms xb : X ^ B, xc : X C 
which satisfy the following conditions, then a is epimorphic in %■ 

(a) The following diagram commutative. 




(b) There exists a short exact sequence X ^ B with U eU. 
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Proof. Take : X ^ as in Definition 13.11 Then by Proposition 13.31 there exist /b ■ X^ — > B 
and fc '■ X^ — > C such that fsx^ = xb and fcx^ — xc- By Lemma 15.41 is epimorphic in 2£. As 
j xb = S xc , we get jfBX~^ = 6fcx^, it follows by Proposition 13.31 that 7/s = 5fc- By the definition of 
pull-back, there exists a morphism 77 : X'^ — A in 2i which makes the following diagram commute. 




Since fs is epimorphic, we obtain that a is also epimorphic. 

Theorem 5.6. For any twin cotorsion pair (S,1'),{IA,V), its heart Ti is semi-abelian. 

Proof. By duality, we only show H is left semi-abelian. Assume we are given a pull-back diagram 



□ 




in 2i where (5 is a cokernel. It suffices to show that a becomes epimorphic. 

By Lemma [5.2l replacing D by an isomorphic one if necessary, we can assume that there exists an inflation 
d : C ^ D satisfying 5 — d, which admits a short exact sequence 



C>- 



■S 



where S £ S. As D E i5+, by Lemma [4.21 we can also assume that there exists an deflation c : B ^ D 
such that J — c. By Proposition l2.21 we get the following commutative diagram of short exact sequences 




it follows by Lemma 12.101 that X E B . Hence by Lemma 15.51 a is epimorphic in Tj.. 

6. The case where H becomes integral 
Definition 6.1. A preabelian category A is called left integral if in any pull-back diagram 

A^^B 



□ 




in A, a is an epimorphism whenever S is an epimorphic. Right integral is defined dually. A is called 
integral if it is both left and right integral. 

In this section we give a sufficient condition where the heart 2L becomes integral. 
Let C be a subcategory of B, denote by flC (resp. U~C) the subcateogy of B consisting of objects fiC 
(resp. r2~C) such that there exists a short exact sequence 

nc ^ Pc ^ C {P eP,C eC) 

(resp. ^ a-C (/ e X, C e C)). 
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By definition we get V C VlC and I C Vl^C. By Lemma [2.91 we get that for any cotorsion pair [U, V) on 
B, VllA and il"V are closed under direct summands. 

Let Bi B2 be two subcategories of B, recall that Bi * B2 is subcategory of B consisting of objects X 
such that there exists a short exact sequence 

Bi -^ X ^B2 

where Bi G Bi and B2 E B2- 

Theorem 6.2. // a twin cotorsion pair (iS, 7"), {U,V) satisfies 

u cs *r, r cw or r cu *v, I cw 

then % becomes integral. 

Proof. According to [TSJ Proposition 6], a semi-abelian category is left integral if and only if it is right 
integral. By duality, it suffices to show that Z//CiS*T, PCW implies that % is left integral. Assume 
we are given a pull-back diagram 




in % where 5 is an epimorphism. It is sufficient to show that a is epimorphic. 

Let d : C D and c : B ^ D he morphisms satisfying 5 — d and 7 = c. Since 5 is epimorphic, if we 
take Cd '. D ^ Cd as in Definition 13.71 



C>- 



PO 



■Cd 



■5^ 



then Cd E hi hy Lemma 13.41 By assumption U S * T, Cd admits a short exact sequence 

C '^0 ^ to rp 
D0> ^ S«- ig 

with 5*0 G iS, To G T. Since B G B^ admits a short exact sequence 



B >~^W'' 



and admits a short exact sequence 



ns 



B P 



P. 



SB 



Thus there exists a commutative diagram 



p^ 



(5) 



As Extg(6'B, To) = 0, p is a left T-approximation of flS^ . Therefore there exists a morphism / : Pgs — > 
To such that t^CdCSs = fp. As Pgs G we conclude that there is a morphism h : Pgs — Cd such that 
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/ = toh. Since to{cdCSB — hp) — 0, there exists a morphism g : CISb Sq such that CdCSs ~ hp — sog. 
Then we get the following diagram 



B So h / : 

V 

So 



D ^ a 



A 



To. 

Take a push-out of p and g, we get the following commutative diagram 



So> ^ Q ^ 

and a short exact sequence 

(I ) 

QS^^^-^ PsB ® So ^ Q 

by Proposition 12.11 where Q ^ S. As Q admits a short exact sequence 

ho lo 

nq^^^ Pq Q 

we get the following commutative diagram of short exact sequences 



nQ> Pq 



IB 



ns'^X^ PgB ® So — ^ Q 



(6) 



Since CdCSs = hp + sog, we obtain the following commutative diagram of short exact sequences. 



{h -So ) 



■Cd -^S^' 



Thus we get the following commutative diagram 



nq^^ Pq 



■Cd—^S^. 
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As "P C W, we conclude that flQ E B . Since S'-^ admits a short exact sequence 



where Pgc G V , hence we get the following commutative diagram of short exact sequence 



qc 



S' 



c 



which induces the following diagram 



ns^J^ Psc 



dqc 



£)>- 



As pQ is projective, there exists a morphism t : Pq Psc such that Isc^ — ™q- 

no 



ns^> — ^ Psc — ^ 

fcgC IsC 

Now it follows that Igctkq — rnghg = rcdCSsqB = 0, thus there exists a morphism x : VIQ flSc such 
that kgcx = tkq. 

nq^^Pg 



ns'^> — ^ Po 



As rrigct = Igct = rnq, there exists a morphism y : Pq —5- D such that Ugct — nq — CdU- Therefore 

Cddqcx = ngckscx = ngcikq = {cdV + nq)kq = Cdiykq + cssgB)- 
Then dqcx — ykq + cssqB, since Cd is monomorphic. Hence there exists a commutative diagram in B_ 



D. 



By Proposition 12. 1[ we get the following short exact sequences from © and ©: 

riQ^^^ nsn ® Pq — ^ Psn ® 5*0, ns^^^^ b ® Psb — ^ w^. 
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Then by Proposition [521 we get the fohowing commutative diagram of short exact sequences 



' 9b ' 



■ ns^ © Pq 



SB 

-p 
1 



^Q^-^f^ B(SPsb(S Pq 



Ps" ® 'S'o 



M 



where rj = sbQe- From the third column we get that M E lA. By Lemma 15.51 we obtain that a is 
epimorphic. □ 



7. The case where 2L becomes almost abelian 
Definition 7.1. A preabehan category A is called left almost abelian if in any pull-back diagram 

C—r^D 



in a is a cokernel whenever 5 is a cokernel. Right almost abelian is defined dually. A is called almost 
abelian if it is both left and right almost abelian. 

In this section we give a sufficient condition when % becomes almost abelian. 
We need the following proposition to show our result. 

Proposition 7.2. ^Ibi Proposition 2] Let A ^ B C be morphisms in a right (resp. left) semi-abelian 
category. If f and g are ( co-)kernels, then gf is a ( co-)kernel. If gf is a ( co-)kernel, then f ( resp. g) is 
a (co-)kernel. 

Use this proposition, we can prove the following lemma, which is an analogue of Lemma 
Lemma 7.3. Let 

A^^B 

7 



D 



be a pull-back diagram in "H. If there exists an object X Cz B and morphisms xb '■ X ^ B, xc ■ X ^ C 
which satisfy that in the following commutative diagram 




Xb is a cokernel, then a is a cokernel in 71. 

Proof. Take x^ : X ^ X^ as in Definition 13.11 Then by Proposition 13.31 there exist fs ■ X~^ — )■ B and 
fc : X^ C such that /_bx+ — xb and fcx^ = xc- Since is a cokernel, by Proposition 17.21 /b is 
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also a cokernel in H. As jxb — Sxc, it follows by Proposition 13.31 that 7/s = Sfc- By the definition of 
pull-back, there exists a morphism 77 : A in 2i which makes the following diagram commute. 




Since fs is a cokernel, we obtain that a is also epimorphic by Proposition 17.21 



□ 



Theorem 7.4. Let (5,7~), V) be a twin cotorsion pair on B satisfying 

U CT orT 

then % is almost abelian. 

Proof. By ^15. Proposition 3] , a semi-abelian category is left almost abelian if and only if it is right almost 
abelian. By duality, it is enough to show that U C T implies H is left almost abelian. 
Assume we are given a pull-back diagram 




in Ti where (S is a cokernel. It suffices to show that a becomes a cokernel. 
Repeat the same argument as in Theorem 15. 6[ we get the following diagram 




where X (z B , d~ S and c = 7. According to Lemma l7.3l it suffices to show that a;^ is a cokernel in Ti. 
By Definition 13.81 and Proposition l2.2l we get the following commutative diagram 



Vb>- 



Vb>- 



Wb 



; ; 

S: 



X 

V 



B 



S. 



It follows that (z B = % and k^^XB = 0. By Proposition 15.31 xb is epimorphic in 2L. Now 

let r : A" Q be any morphism in H such that rk^g = 0, then rk^g factors through W. Since 
Extg(tS, 7") = 0, a is a left 7~-approximation of K^g, thus there exists a morphism b : Wb — > Q such that 
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ah = rkB- By the definition of push-out, we get the following commutative diagram 




Since xb is epimorphic in H by Proposition 



the above diagram implies that is the cokernel of 

□ 



By Theorem 16.21 in the case of the above theorem, the heart %. also becomes integral. Then by [T51 
Theorem 2], H is equivalent to a torsionfree class of a hereditary torsion theory in an abelian category 
induced by 2£- For more details, one can see [TSJ §4]. 

8. Existence of enough projectives/injectives 

We call an object P G 2£ (proper-)projective if for any epimorphism (resp. cokernel) a : X ^ Y inT-L, 
there exists an exact sequence 

Hom?^(P, X) > YiomniP, Y) 0. 

An (proper-)injective object is defined dually. 

% is said to have enough projectives if for any object X G there is a cokernel (5 : P — > X such that P 
is proper-projective. Having enough injectives is defined dually. 



In this section we give sufficient conditions that the heart H oi a twin cotorsion pair has enough 
projectives and has enough injectives. 

Lemma 8.1. // a twin cotorsion pair (5, T), (U, V) satisfies U C 7~, then we have flS C Ji. 

Proof. We first have V — W, then by definition VlS C . But we observe that U C T implies 
B+ = B, hence VtS QU. □ 

Proposition 8.2. Let {S,T), (W, V) be a twin cotorsion pair satisfying U (^T, then any object in D,S is 
projective in %. 

Proof. Let B and C be any objects in % and let p : flS — >■ C be any morphism. 

Let g : P — C be a morphism which is epimorphic in H, by Lemma 15.51 we can assume that it admits a 
short exact sequence 

A>^^ B — ^ C. 

Since B ^ H admits a short exact sequence B >-+ -» , then according to Proposition 12.21 there 
exists a commutative diagram 

/ 



B- 



C 



D 
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By Lemma 12.101 we obtain D Q B ~ %. Since qg — and g is epimorphic in we have q — 0. By 
definition flS admits a short exact sequence 

ns>-^^Ps — {PeV,SeS). 

Since qp — 0, qp factors through W. As Extg(iS,T) = 0, a is a left T-approximation of flS. Thus 
there exists a morphism s : P ^ D such that qp ~ sa. Since P is projective, there exists a morphism 
t : P ^ such that s = rt. Hence by the definition of pull-back, we get the following commutative 
diagram 




^£1 

r 

which implies that flS is projective in Ji. □ 

Proposition 8.3. Let (5, 7"), (W,V) be a twin cotorsion pair satisfying lA ^T, then any object B E TL 
admits an epimorphism a : flS B inji. 

Proof. Let B be any object in consider commutative diagram By Proposition [5111 the left square 
is a push-out. Now it suffices to show ss is epimorphic in %. 

Let c : B — >■ C be any morphism in "H such that csb =0, then csb factors through W. Since p is a left 
7"-approximation of fiS*, there exits a morphism d : Pjb — > C such that csb = dp. Thus by the definition 
of push-out we have a commutative diagram 



ns^ p. 



SB 




which implies c — 0. Hence sb is epimorphic in Ti. □ 
Moreover, we have 

Proposition 8.4. Let (S,T), {U,V) be a twin cotorsion pair satisfying U ^ T, then an object B is 
projective in % implies that B G QS_. 

Proof. Suppose B is projective in %, consider the commutative diagram ([5]). By Proposition 18. 3[ s_b is 
epimorphic in 2£, thus _B is a direct summand of Q,S^ in %. Hence by Lemma 12.91 B lies in QS_. □ 

From the following proposition we can get that in the case U ^ T when the projectives in H is enough. 

Proposition 8.5. Let {S,1'),{U,V) be a twin cotorsion pair satisfying lA C 7~„ then % has enough 
projectives if and only if any indecomposable object B E Ti — U admits a short exact sequence 

B >^ ^ 

where S\S^ eS. 

Proof. We prove the "if part first. 

Since an object B E H isomorphic to an object B' E H in H such that B' does not have any direct 
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summand in lA, we can only consider the obejct B E H not having any direct summand in U. Thus by 
assumption, B admits a short exact sequence 

B ^ ^ 

where S^, £ S. As S*^ admits a short exact sequence 

We have the foUowing commutative diagram 

052>-^ Ps2 ^ 

a 

B> ^ 51 ^ S"^ 

Then we get a short exact sequence 

by Proposition 12.11 Since B © P52 admits a short exact sequence 

V >^U ^ B®Ps^ 

where V eV and U eU = W, we obtain the following commutative diagram by Proposition 12.21 

V. — . Q ns^ 

V> ^ U ^ B © Ps2 

Thus Q G = 7^ by Lemma [2. 101 and ca — 0. We claim that a is the cokernel of c in H. 
If r : M is a. morphism in H such that rc factors through W, then there exists e : U M such 

that cr = ed, since d is a left ^-approximation of Q. Hence by definition of push-out, we get the following 
commutative diagram 




which implies that r factors through a. Since a is epimorphic in by Proposition 18. 3[ we get that a is 
the cokernel of c. 

Now we assume that 2L has enough projectives. 

By Proposition 18.41 all the projective objects in H lie in ilS . Let B be any indecomposable object in 
% —U and /3 : US B he a. cokernel in %. Then by Lemma 15. 2[ we get a short exact sequence 

175>-^ B' ^ S' 

where B' G H and B' B in 2i and S" G S. Since ilS admits a short exact sequence 

ns>^^ Ps ^ S 
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we take a push-out of / and then we get the foUowing commutative diagram 

r2S'>-^ B' ^ S' 

Y Y 

p 

Ps> Q' S' 



s s. 

From the second row we get Q' G S. Since B is indecomposable, it is a direct summand of B' . Hence by 
Lemma 12.91 B admits a short exact sequence 

B^Q' ^ S" 

where S" G S. □ 
By duaUty, we have 

Proposition 8.6. Let (S, T), (U, V) be a twin cotorsion pair satisfying 7" C then any monomorphism 
in % is Cl^V -monic, and any object in is injective if and only if it lies in fl~V . 

Proposition 8.7. Let (5, T), (W, V) be a twin cotorsion pair satisfying T ^U, then any object B E H 
admits a monomorphism l3 : B ^ fl^V in % where U,^V S V . 

Proposition 8.8. Let (5, 7~), {U, V) be a twin cotorsion pair satisfying T ^U, then the heart has enough 
infectives if and only if any object B E % — T admits a short exact sequence 

V2^Vi^B 

where Vi , V2 G V . 

9. Localisation on the heart of a special twin cotorsion pair 

Let (5, T), {U, V) be a twin cotorsion pair on B such that T = U, in this case we get = B^ = B 
and W = 7", hence H ~ B/T- According to Theorem l6.2[ B/T is integral. Moreover, By Proposition [52] 
(resp. Proposition 18. 6p . we obtain that any object in flS (resp. fl~V) is projective (resp. injective) in 
B/T. 

Let R be the class of regular morphisms in B/T, then by Theorem [121 pl73], the localisation {B/T)r 
(if it exists) is abelian. 

Till the end of this section we assume that B is skeletally small and /c-linear over a field k and has a 
twin cotorsion pair (5, T), (T, V). We denote that by Proposition 12. 121 it is equivalent to assume that B 
has a cotorsion pair (5, T) such that S CT and T is contravariantly finite. 

Let Vhe a category and R' is a class of morphisms on T). If R' admits both a calculus of right fractions 
and a calculus of left fractions (for details, see [U §4]), then the Gabriel-Zisman localisation at R' (if 
it exists) has a very nice description. The objects in Vif are the same as the objects in V. The morphism 
from X to F are of the form 

denoted by [r, /] where r lies in R' . 

The localisation functor from T> to Vn' takes a morphism / to [id, f] . We denote this image by [/] . For 
r G R' , [r,id] is the inverse of [r]. We denote it Xr- Thus, every morphism has the form [r, f] = [/Jx^. 

By in Corollary 4.2], R admits both a calculus of right fractions and a calculus of left fractions. 

For a subcategory C C ;B, we denote by [C] the subcategory of {B/T)r which has the same objects as 

C. 



Lemma 9.1. We have {IS/V ^QSc^ [ilS]. 
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Proof. Wc first show that a morphism / : flS — > B factors through V if and only if it factors through T. 
Since V QU = T, we only need to show / factors through T implies it factors through V. Suppose / 
factors through T . By definition U,S admits the following short exact sequence 

ns>-^ Ps ^ S 

where Ps ^ V, S E S and B admits the following short exact sequence 

Vb> Wb B. 

As Wb is a right W-approximation of i?, there exists a morphism a : flS — ?> Wb such that / = wbo.. 
Since g is a left 7"-approximation of US, there exists a morphism b : P ^ Wb such that bq — a, hence 
/ ~ WBbq. Thus by definition we have flS/V = QS_. 

Let L : ftS — > [ilS] be the location of the localisation functor from B/T to {B/T)r. We claim that it is 
an equivalence. Obviously it is dense, it is faithful by [4] Lemma 4.4] and full by [4] Lemma 5.4]. □ 

By this lemma, for convenience, for any morphism / from an object in ^lS to Z?, we also denote its 
image in BjV by /. 

Denote by Mod C the category of contravariant additive functors from a category C to mod k for any 
category C. Let modC be the full subcategory of ModC consisting of objects A admitting an exact 
sequence: 

Homc(-, Ci) A Homc(-, Co) A A ^ 

where Co, Ci e C. 

Since VlS ~ [VtS], We have mod{nS/V) ~ mod[r25]. 

We give the following proposition which is an analogue of ^ Lemma 5.5] (for more details, see [H §5]). 

Proposition 9.2. // (5, 7"), (7", V) is a twin cotorsion pair on B which is skeletally small, and let R 
denote the class of morphisms which are both monomorphic and epimorphic in B/T, then 

(1) The projectives in {B/T)r are exactly the objects in flS. 

(2) The category [B /T)r has enough projectives. 

For convenience, for any objects X,Y E B, we denote Hom[g](X, F) by [X, F]. For any morphism 
/ : X ^ y, we denote Hom[B](-, [/]) by - o [/] and Hom[B]([/], -) by [/] o 
Now we can prove the following theorem. 

Theorem 9.3. Let B be a skeletally small, Krull-Schimdt, k-linear exact category with enough projecitves 
and injectives, containing a twin cotorsion pair 

{S,T),{T,V). 

Let R denote the class of morphisms which are both monomorphic and epimorphic in B/T and (B IT)r 
denote the localisation of B/T at R, then 

{B/T)R^uio<\{nS/V). 

Proof. It suffices to show {B/T)r. — mod [175]. 

From any object B G {B/T)r, there is a projective presentation of B: 

Ml] [da] 

nsi ^ nso ^ B ^0 

Let nS be any object in [flS], we get the following exact sequence: 

, nso[di] ^ , oso[do] , 

[f7S',f7S'i] — =^ [ns,nSo] — =^ [ns,B] ^ o 

which induces a exact sequence in mod [175]: 

nsi] — ^ [-, nso] — =^ [-, B] ^ 
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Now we can define a functor $ : {B/T)r mod[nS] as follows: 

[/]^-°[/]- 

• Let us prove that $ is faithful. 

For any morphisni [/] : i? — >■ B' we have the following commutative diagram 




ns[ ^ nSo ^ B ■ 

K] K] 

in (B/T)r which induces a commutative diagram in mod[r2iS] 

— o[di] -oldo] 



-o[/i] 



-o[/ol 



-o[/] 



0. 



Hence if — o [/] = 0, we obtain — o [^9/0] — 0, which implies [do/o] = 0. Thus [/] ~ 0. 
• Let us prove that <I> is full. 

For any morphism a : [— , i?] — > [— , B'], we have the following commutative diagram 



-°ldl] 



-o[(io] 



-old'„] 



.B] 



,B'] 



0. 



in mod[r25]. By Yoneda's Lemma, there exists [/i] : VlSi — s> VlS[ such that = — o [/j]. Hence there is a 
commutative diagram 



-o[di] -o[do] 







-o[/i 



-o[/ol 



-°[/] 



0. 



in (S/r)fl, thusa = -o[/]. 
• Let us prove that <i> is dense: 

We first show that mod[r2iS] is abelian. It is enough to show that [VlS] has pseudokernels. Let a : VlSi — ?• 
r25o be a morphism in [VlS], then since {B/T)r is abelian, there exists a kernel p : K ^ VlSi in {B/T)r. 
By Proposition 19.21 there exists a epimorphism 7 : Q,S — >■ K. We observe that /37 is a pseudokernel of a. 
Let F £ mod[f2iS] which admits an exact sequence 

where 7 G [ilSi , ftSo] . Let B — Coker 7 then we get an exact sequence 

nSi ^ nSo B 



in {B/T)r- Hence F 



,B]. 



□ 
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10. Examples 

In this section we give several examples of twin cotorsion pair, and we also give some view of the 
relation between the heart of a cotorsion pair and the hearts of its two components. 
First we introduce some notations. Let C be a subcategory of B, we set 

(a) C-L" = {X G I Extj3(C,X) =0, 0<i<n}. 

(b) ^"C = {X eB \ Extig{X,C) = 0, 0<i< n}. 

(c) C^^{X eB \ Ext]s{C,X) ^0,yi> 0}. 

(d) ^C^ {X eB \ Ext]s{X,C) = 0, Vi > 0}. 

Definition 10.1. A cotorsion pair {U, V) is called a hereditary cotorsion pair iiU = and V = U-^. 
Example 10.2. We introduce two trivial hereditary cotorsion pairs: 

{V,B) and {B,I). 

We observe that in these two cases the hearts are 0. These two cotorsion pairs also form a twin cotorsion 
pair 

{V,B),iB,I). 

We observe that its heart is also 0. 

Example 10.3. Let A be an artin algebra and T be a cotilting module of finite injective dimension, 
denote 

X := and y {^T)^. 

By [D Theorem 5.4, Corollary 5.10, Proposition 3.3.], {X,y) is a hereditary cotorsion pair. By [TJ 
Proposition 3.3, (c, iii)], we get 

W C (modA)+ C y. 
Dually, by [TJ Proposition 3.3, (d, iii)], we get 

W C (mod A)" C X. 

Then H ^ (modA)+ n (modA)~ CXny^W, hence H = 0. 

By [11 Proposition 1.8], (^^T, {^^T)-^^) is a cotorsion pair. According to \V. §2], ^^T, {-^^T)^^ is also a a 
cotorsion pair. Hence by definition 

form a twin cotorsion pair. We can also observe that its heart is trivial. 
In fact, we have 

Proposition 10.4. // one cotorsion pair in a twin cotorsion pair (5,7"), (W, V) is hereditary, then this 
twin cotorsion pair has a trivial heart, i.e. its heart is zero. 

Proof. We prove that if {S, T) is hereditary, then W = B+ n —TC\S, another part is by dual. 
For any object B G S^, there is a short exact category 

Since we have the following exact sequence 

= Ext^(w^^,r) ^ Ext^(s,r) ^ Ext^(s'^,r) = o 

which implies B eS. Hence B- = S. Dually, B+ = T. Hence W C S+ n = Tn 5 C W, this implies 
K= 0. □ 

Recall that is n-cluster tilting if it satisfies the following conditions 

(a) JV[ is contravariantly finite and covariantly finite in B^ 

(b) M^" ^M. 

(c) ^'^M=M. 
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A 2-cluster tilting subcategory is usually called cluster tilting subcategory. 

Let be a cluster tilting subcategory of B. Remark that V Q Ai and I C Jli. For each object B G B, 
we have two short exact sequences 

B^-^-^ M ^ TV, 

N'> ^ M' — ^ B 

that / (resp. g) is a left (resp. right) A^-approxiniation of B. We observe N E M. = Ai (resp. 
N' e M^^ = M), therefore {M,M) is a cotorsion pair. In this case, W = M and B+ = B^ = B, thus 
% — B_~ B / AA, which is abelian also by [Bj. 

Moreover, any object in Q,M (resp. Vt~ M) is projective (resp. injective) in Bj M.^ and by Proposition 
18.518.81 Bj M. has enough projectives and enough injectives. 

Proposition 10.5. A subcategory A4 in B is cluster tilting if and only if A4) is a cotorsion pair on 
B. 

Proof. From the above discussion, we know that (A^, A^) is a cotorsion pair if is cluster tilting, so it 
remains to show the "only if part. But it is just followed by the definition of cotorsion pair and Lemma 

□ 

In the following examples, we denote by "o" in a quiver the objects belong to a subcategory and by 
"•" the objects do not. 

Example 10.6. Let A be the path algebra of the following quiver 

14— 3^— ^4 

then we obtain the ^i?-quiver r(mod A) of mod A. 

1 2 3 4 



2 3 4 

1 2 3 



3 4 
2 3 
1 2 



Let M ^ {X e mod A | Extg(A, A) = 0}, then by [jj Proposition 1.10, 1.9], {M,M^^) is a cotorsion 
pair on mod A. But 

M = o ■ ■ o 



which consisting of all the direct sums of indecomposable projectives and indecomposable injectives. We 
observe that in fact Ai = Ai'^'^ and hence it is a cluster tilting subcategory. And the quiver of the 
quotient category modA/Al is 



3 

2 



which is equivalent to the yli?-quiver of A2 . 
Example 10.7. Take the notion of the former example. Let 

M' = o 



o o 
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then by [TJ Proposition 1.10, 1.9], {M' , M'^^) is a cotorsion pair and 

M'^' = o . o o 
o • o 

o o 

hence it contains A. Obviously it is closed under extension and contravariantly finite, then by [1] Propo- 
sition 1.10, 1.9], {M' \ {M' ^)^^) is also a cotorsion pair on mod A and 

(X'^i)^i = o . . o 

o 

o o 

Thus we get a twin cotorsion pair 

{M',M'^'),{M'^\{M'^')^'). 

Then the quiver of modA/A^'^^ is 2 ^ ^ ^ 'pj^g quiver of quotient category VlM.' /V is just 2. Hence 
we get {modk/M'^^)R ~ uYoA{nM' /V). 

By Proposition ll0.4l the heart of a twin cotorsion pair can become zero when one heart of its component 
is zero. From the following example we can see that there are also some conditions in which the heart of 
a twin cotorsion pair is non-trivial when only one heart of its components is zero. 

Example 10.8. Take the notion of Exmaple 110.61 let 

S — o ■ o ■ ~ o ■ o o 
o • • • o o 

o o o o 

and 

hi = o ■ o oV=o • • o 
o • o • • o 

o o o o 

then [S, T) and {U, V) are cotorsion pairs and {S, T){iJ, T) is a twin cotorsion pair. The heart of {S, T) 
is zero and the heart of iU, V) is add( ^ 2 )• Now we have 

W = Ur\T = o ■ o o 

o 

o o 

then we get 

(modA)+/W = add(3 2 ) and (modA)-/>V = add( \ ® 2 © 3 2 ) 
Hence H — add( 2 )• 

One can check that the twin cotorsion pair {S, T), [U, V) where 

iS=o • • o7~=o o • o 

o • • o • o 

00 00 

and 

14 — o o ■ o V — ■ o • o 

o o • • • o 

00 00 

gives an example of another condition. 
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From Example 110.71 we see that there exits two cotorsion pair which have non-trivial hearts form a 
twin cotorsion pair also having a non-trivial heart. From the following example, we see that even two 
components of a twin cotorsion pair have non-trivial hearts, the heart of the twin cotorsion pair itself 
can be zero. 

Example 10.9. Let A be the /c-algebra given by the quiver 

1 



7 

and bound by a/3 = and fS-fa = 0. Then its AR-quiver r(mod A) is given by 

1 2 3 1 

\ / \ / \ / 

2 3 1 

1 2 3 



3 1 
2 3 
1 2 



Here, the first and the last columns are identified. Let 

S — ■ o • •7~=- ■ o 

o • o o • o 

o o o o 

and 

lA ~ o o ■ o V — ■ 

o • o o • o 

o o o o 

The heart of cotorsion pair (5, T) is add( i ) and the heart of cotorsion pair (iY, V) is add( 3 ). But when 
we consider the twin cotorsion pair (5, 7"), (U^ V), we get W = V and 

(modA)"/yy = add( i © 2) and (mod A)+/>V = add(3) 

hence its heart is zero. 
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